
Lie's third theorem

Def : A group
G is a group that is also a smooth manifold such that

the (algebraic) maps ( : 6x6 -G (gin) regh ,
and 1 : G + G

, greg",

are smooth. (Can use inverse function thre to show inverse

is automatically smooth !)

EX : (V , + )
, R1503 ,

K - 303
,
Ern (d other matrix groups)

S'<K
,

ESU12) (5
%

S ! 53 only spheres that
are hie

groups (

De : A Lie algebra is a vector space of
with a bilinear binary operation

--

denoted [ , ] : % x 0 -> of ,
(X, i) > [X, i)

,
that satisfies

④ [X,
Y = -(Y,X]

② [X, [Y , z)] + (z
,
[X ,13) + (Y , [z ,x)) = 0

EX : < (M) , ( ,
C , ] =0) , (R3, x) , (EndU ,

C , ]comm)
-

(and as we'llboon see TG
,
where G is Lie gip)
-↑

2 = identity c.

(dim <N
Goal : ty sp
-

Lie groups ->
Lie algebras

->)

Chie's third then)



Def: Let G be a Lis group .
For any get , let Lg : G-> G be Lg(h) = gh .

A vector field XECt(G) is Mariant if (Lg)1X =X EgeG
.

Recall pushforward:
I differ .
-> ( =

->X ·
(Fr [

++qF)(X +-(a)
2

FT(q)

So for X left-inu
.,
we have

Xn Lg Ygh = (((g)+X)gu
-- -*
·

h gh
= (Th(g)(Xn)

In particular , taking hie , we see Xg = (Telg) (e) is
determined by Xye Te6 ; and any veToG determines a

left-inv
. V

. f . Uh 3 vi = (TeLg)(v)
Denote &left-inveriant v.

F .
's 3 = x(G)

N E dinctio <8 .

Prop : If X,Y +St(G) Y then [X,Y]eCt(6) :

Pf: /NrgX , YmY t (YTvy (, T] (x, i) e <(6)
.W

: (n x] : = (v ,
v "Je defines a his bracket on

of = TeG .



EXDG=/R ,
T

, O= ToRER ,
(

, ] =0 (d = 1) ; smilarly for Gas' .
2

② G = GLn(R) < Matuxn = R Copen subset)

=> of : TLE = Mataxn =: oln ~
ha line

Bachet ? Take Acofly . (Alg = TLg(A) EgA .

coord of
matrix

on G
,To unpack this

, take (global) coordinates xijt
so basis for target space is Exily)
Can grind out formula in cord's to get

(A, B ] (g) = g(AB-BA) ,
to C

,
] = commutator

-
Teb = dy

Prop Let P : 6 - H be a lie gimp humomaphism .

Then P1 : of -b is
.

a Lie algebra humomaphism.

Roof :It suffices to show that for any veo , (4)-p *Y for the given M I
VE of

(P2)) , (avsY~p(2,v) -((nix)) = (Te)((m?ve) = ((Pan)"(PaYYe = [14 ,Pr] .

Since $(gh) = P(g)P(h) , we have Podg = [acp : P . Therefore,

(TgP(v) = (TgP)(ToLg)(v) = Te(b-(g)() +Te(lp(g) : P)(v) =(Telp)(ToP)(v) = Te(p(s)(PaX) = (Pa)D's)

(So ,
we have a functor Liebrps-> Lie Alg .)

Let G be a hie
group with Le algebra of. Given a Lie subalgebra B <of,

we may define the following distributionD on G
, gt>D

= Ev = (Te(g)(v) /VER] < TgG .

The distribution D is involutive : Indeed , let [V1 , ....Y} be a basis for by .

Then the vector fields

vi .... Yo"Span D .

Let X
,YC(G) that live in D

,
and write X = 29k ,

Y = [Gjv".

Exercise
-

. [X,] = 2 9a; (v,,; + aiV(by)x, - bjx;(95) Y!

=> [X,
Y] lies in D .



By Frobemins theorem , I maximal connected integral submanifoldH through ecG. Observe that

for
ge
H
, hgt(H) <G is also an integra submanifold through e . Why ? The differ.

Let preserves D
: (TwLg")(v) = (Tn(gY)(Te(n)(v) = (Te(g)(v) = va ,

and thus if vel
,

then Thtgt

sends 12-> Du to Vgi E Digin .Therefore , LCH) is
also an integra eubmanifold and it contains

Lgt(g) = 5q = 2 .

In other words
, gett , helt->> gtheH , or H is a subpmp-

-

This
proves

most of the following

iTm Let E be a hie
group not his algebra of , and let be of be a his subalgebra. Then

thee exists a unique connected Lis subgroupH whose Lie algebra is b.

Pf Chetch) Argument above shows we have an inmesed submanifold # that is also a subgroup . It

also shows Tet =b .

It remains to show H is aLie subgmp ,
and thatIt is a unique such his subpop .

To show

M: Hx+) ->H (gin)+ 5th is smooth : it's clear that HxH-> G is smooth
.
Recall

H is a leaf of a foliation that "integrates" the distributin D above. Since smothness

is a local property , we may findabhds 2) around (g , h) and I around 9th et.

es map

-xH-> G I,M(2) CX and X is a submanifold chart for H
, showing q (c) map HxH-H) is

smooth
.

Uniquenes- profsketch omitted. 2



Finally, we sketch how one can associate to any finite dimensional hie algebra

of a hie gup G with that Lis algebra.

Im (Ado's theorem) Let of
he a finite dim.

.

Lie algebra . Then E n < O

and an injectiveLie algebra homounphism of -> of(n).

Therefore , we may view of as aLie subalgebra of off(n) = Lie (G((n). By a prior

-

theorem
,

I a hie subgroup ECGL(4) whose Lie algebra is of.
Wie's

thirdum .

Remark : Lie subgroup of GL(n) are called "matrix Lie groups! So every findin . of is

the Lie algebra of a matrix Lis group. However, there Like groups G which

are not isomaphic to any matrix Lis group (compare Ado's theorem).

Finally, consider now the following : does every hie algebra homomaphism of-> b

arise as the tangent map & = Tel of a Lie group homon. Y: G--H ?

Similar to discussion above
,

the topology comes into play :

e .g .
id : R-R is a he algebra hemomephism .

And R= LeCS') and R= LieCR). But

I any
non-trivial he group homomorphisms S'-> R . (Why ?)

(But R-S ,
theis a homonaphism whose denvative at 0 is id .)

Im :
Let 6 , H be Lie

groups no) Lis algebras of and ty , respectively. If E is

Simply connected
,
the every lie algebra homoaphism of-> 1 is the tangent

map of a unique his group homomorphism.

proof-omitted.




