Lecture 4 H\Any«/g‘w‘{ Secheon s
Recall the ffo((vwagj:

Defadon 1 Let G, H be o s _“ﬂw\ +he set @x H
becomar o greme call e . ife  Aicect {amckucﬁ wlhen woe
@1@'0 t witle e o\gem;éwo,\,

(g0 n)(gs,he) = (.92, hihs)
for all gi,4.¢G and b €4 Tl ki s
(EG, €H> whaire €, G are the ideatkis ve G and H
respechvely, e tnverse 5 (S,L\)"': (Sf‘,tg‘)_

-
.,-—/

VL)Q W‘mlA ./Q*\OL ‘*" (’.X’tev\,ét "{'ell‘f) "{’o a;—&f"kqa -‘fum(liu
;{—g Unx«(ﬁ ‘\GL-IL'G'L’%’ nv‘.jwzs{ PYOLLWJ'I o{ -fuudn;ufg
PQCU.Q/Q ’I’f/\cd: we  Can /l’e\lV\J,L v’( elewiands m /f&x
Ca./éb&cu\ FVDCLLL(t i/j;éi‘ oA /ﬁutc,hom_g .{; g JE—— Q Q.
5;&,’*\5%.@ ’J)(()é GL 'FVT &M = ?‘3—‘( ZX(AVV\KQ) [l
Hhe 2ags. 4 o Awce \zrroalwtt‘-
(2, 0.3), (3 ) e 78, xsL, ®
‘ A
n_{c) 1 ) k RV vvu:&rn‘ce.*;
i Sawwm with et 4

e




can be idendifed oy 2
f:{,2,3) — 70 S, 0 SLWR)
zjven \06 ‘?(l) =2, 1((2) =(1,3) o .,F(g) = (f‘) :) ,

Or
(L2,3,4, )¢ ZxZx

Can be n&znbéld witly 'g' N'q U Lo ‘VLU“"‘Q'
,F(L-) =, whece  © lies e Ltk Co‘oé ’fF 7 .

.")(f;-m o ¢ Lt {C,. llél_} jog a ~§\vvu ‘/4€ M

Debne an openscl:tm on \{g(:u od ’ﬁb((m c C’UVL\/L
foqe TG (s g L——’ﬁg - with i) and
40 G for all ) define fq:1—> Q_c Lo

be e map {jm —1%)0(() for all 6T | whege
mulbiplication.  on A hand ade g Cm Thus
s called cm‘pmwrttw.se muldiplication  and i —the
‘KMCJLL cahe.  bals deon o

(g ) e 0D = (g g
b lements (q.»- > ) and (hey ) ha) q¥ Gx-.xG,,
?chu&‘ In (a(aua UC( (—T()( whow T s -ﬁn‘«'{e

CSLLJ II’ "\) \‘li 'S cug{mj 4o wovtte
Gix kG

o Ge - @G, f e G's e abelen




| 9
/nkewm : f{f (G| teTY e g Ao
G) MG = «a s ond

eI
() Tor each keT, At wap 7 L Gi— 6,

Z{VM L\;j _7—(14("?)5’?('4) (of «a/wu\ 6
.ﬁk(a,,,%) - g F T s pfurte wnd (Tl=n)

3 an cm"u L\emurwo/‘o”euw« ) C OLQQ(’CL 46 Cavwn,\‘ca,Q ,Ff(jccfm'\
Yroof . A sm@&{jémm( hecle

The dicect prodact of Hps can also be descnbed
in A movre SDFL\K(—\'@&@L wmj) b\,&t\a. what s cc&wﬁ&
“its wnivessal Fvefa%". Here i dhe wnivesal lam(%é?
aﬁ( Ao diced prodact  stabed for e cate sz +wo
?fm(n G, H and thes (fwwiufﬁ Gx H:

The CO,,W{,, GxH o e wnique Z)'Y‘D'A()
Cop # somorthisn)  saksfyng e etlensing s Hhen

A

e hemomc«@s(uM& GxH—"> G and GxH- 4
sicl At & anq grep K and an homeme e,
"Fc," K— &, 4, K—oH Hoe exsk o wnique
homomerpbuim £ K= GxH  ach Aot
Tt = 4
and  w, of = f,



in J”eur WD\—-A‘:,, W Saj
{

K i >
“~N ,r
\
’ A 0 COMM»C{Q
414 \\"s TCCI
AN
J N |
G x H
H < - 1

f‘t S‘r\m,\lo{‘ be vcather obviows ot GrH haa s
0864’\3 becaue ‘a/{\’o’\ ’fé}, “CH OA &L)Dve, "(’6\4 ma

pyopecty

r o

f k= ext with £ - (£ (0, £, (1) certely

make s e °7C = “‘FQ +ue

oo alse casy 4o see et Hhere can e othar
map  Supprse Ko Gx 0 e ansther map
with o f - g,
T = S

Then we must have, Ve K

e 400 = £, so £() = (4, k), 7)

A )= fu (), se S0y - (0 £ ()
Overall, A7) = (k) §,00)=4 (k)
How do we kneww GXH o A Un i ue va(o“ withe
Tl propecty 2



'ﬂr\ew 3 A% S

f)pr:&e, e R gV &l

gf;?m P X with \llovnomcyéét(f&%s&
X—L5s ¢, XZH  sahsfied: Tov e K witle
£ K =6 and u:K—H o
Fik—X with 7w f-f w =S, Tha X s
rSomw(s(uc + GxH.

Prbffﬁ‘- 'Bg T unwu&a.ﬁ Wﬁ a'o]otwci o CIX “
/ch cx\Sk a uuuc‘ug W\a(} Xﬂ'—9 C77< H sucla "(’é\ft

(L“)W\om)

S a bLVL(C:(UQ_

Q;C?

i
l \ ITCC, (ommutes, ie Tc“"ﬂ: TCq

H < %QXH and 7‘«°\"=ﬂ“i-

T\m

BD e wnwesal F\’"EC/‘C“) &P‘Ol\n}t"l‘o X "rC\Qfe\S (7
\,uuc‘ue. vV\C’»r) \/\ G xH— X Su(‘r\ Jlf\fCt

G —Fos 6
/ /
= - | 7T,[ °\'\ = TLQ
Tew ~ b A (ommutes : k |
N 7T / “‘l'\f -
N/ N\ . H H
I+ : X
7LH

gg we gcan Cﬂ-f( CLL.JLJiC 3 ’ !



’Bu’t "’euu\ we I/\a\/e,:

BJ ’f'fuz universal Wﬁ 0{ @l’( H, “l/e\&!(‘s a
malo waLt‘né "l’ﬁ-e RS
l(Y\W Tt‘S 'fﬁ\.t \‘Ce.uc‘-\g

'\LV'L(‘E(UQ
CT* ann aloove comvncte |, and we
1(1,(4' G'XH———é(ixH. <, w(mvft
have -l = fi, and_ s:mt(aﬁ we can showo k'-l,\_zmt,
Tha X Gx -

—

OF counse s 5 drue for cur dicedt FWciuft’
OVR+ a 5;@»&@& \\acQ,L)c %&{ ad L,»J;Q:

' Sveval Let e Y | e o . 2 vvu( ¢ : a

{ Lf‘ 5 K——9 GIL , Le I% a /étvvul\j 04( I/\MWT LTV 7
% ‘/re\"”t 3 a wun rc(ue \f\?wxovv\,m/‘o’(qm Cf: K._-QIE qu
suthh Al T (- ‘ﬁ fre Al ceT. |

M.D‘(Qi: ru’ 7_[ éu‘ 3 ‘/ff\e/ ml_j U(WP UVL\,ac/(/\ \'\a/s

o : : ol A

A W/B (e ULU sther OWMP W 3 Pﬁ}@&d‘
R O + 0 G )

s



(f")e cain. rn(,duz a_ 5{(6&1’, varobon i?v\./"eu cﬁlrait
-’P«odu.ét‘-

Dedindion + The external (weald) dicect predcct of
?m%¥3 {6;[(51:} s &Lnﬁx&‘ -7(«w3# anA rs

et

the set of Al £ T—> UG, with f@)e G

(el
Fw AL and /r(.() = £ (6; Hee 1deakity m C—u>
4QJY a0 but /ﬁmrb.l W\aﬁ v. j adl G are
abeliam, ’1’€L¢n 7(“’(7; is ﬁ@waaﬂﬂ(j w‘YT(CteV\ Z C‘ZQ e
\

& G
E_xﬂé: f( {ZC | i M 1S a collechsn ocf Copien
6,4 ZI ——r&,u\ @Z\ (on sl sﬁ @,f ’tu.ts(&

cen

(n\;nl,“3) Ve , .. >
where bl rle‘lj wany A4 the n's ave
. A ( \ el lhn 71 .
Zeo. Addden < shl( Cfofm;\i e, ad LI”%ZZ '

The  addctonall cequicemeat  thed {) o
wot 4 mehé fvr Al bl el mang L
W\@ deenn au@pfhgj and Jor e *\ézca_k

T Lot & behaves mugh ke 4Re Fmeﬂujt (Avect) -



8
/ﬂwm; i{ {QL \ {ei’)} T a Aﬁzuvub a/‘ﬁ Wj’fam
() T\twé{c 5 a noraal S/Lt%ramr&(» ‘D/f TL—C?L

(eT V€T

(c) For ecadh keT e wap 4. G, — (”(u
iex

Jiven by e (g) =4, where £0) = ¢, (idantby) o co le
&U\f/(, ’F(K) 7—5) IS a ome-1o-ene Nomem P,
(i) For each kT, .(G,) 5 a normal subgroq
4 Tlé.

t€I

Kemeuks: ONote At s s vary simlac fo
AHieorem  we  wrrte c‘encum‘ej direct d:n'vciqdk‘
“Ta .7&(;6) it fens st we cun allse come up
with o wniversal W"“ﬁ‘ for Al construction

@D  When e mdox ot T s ﬁmﬁ, Airect procducts
7( é}; &nﬂt e)rte,raa,Q we,a.ﬁe oathci/ ‘L’)YUOLQ(,{:LLS 7[_Z?L_

(€T

Ave *’/’Q Jame ’/'gv‘c‘)”
@ /’Z\k Maﬁ 'Z\n.‘ Gn-——*a T‘//-NQL‘ Are cL-.Q,Q_a(

(e

camm(a«Q tjccﬁw,



/f(/ S, n rﬁactl ‘%-\Q‘J V\cL"bArcLQ 2 e /"&4
oxtecna  weale divect Evodvuu:f, caticher of wivessal
’FYbPC( B (0»5 ‘*e\z )L"r LC{: ‘DraoLL/LCL 0(00()) but we "rwu%(

arrowi

/)L\ew?m Cun(‘/uﬁ»d.ﬁ ?mPeAa 6? ’wm wetll(_ OLirec't, F’P"(/Q"“‘stv
Let {A: 1ieTT be a -%m‘b%g abellan s, and
D o aboelian oAP: for &6 ﬁnmg (‘l’é‘-A(—agliel}

%@ gym,\r) hww Aere zL, Mi(/lue, anmmw‘(gw%

Lf @AL N =

teT
such Aot %’Lk‘ LA for  all CeT, and ~th
frmfe/a MUML\QC_A @AL wp ~+o r:r@m,avlﬁatm'
Kemad. TK we omt e wod “abelian -‘/’&L

cnal
/fﬁ,wfm -ﬁuls. 579 -/fﬁ-cc-ftcweai, d:’act fniuzﬁc IS
A ConSpruchsn which Saiﬁﬁu a univesal FYVP(

/fx)»r cdsflfcu\ 8%:%,94/ et ﬁ}t’gf ﬁd\ﬂfﬂ—@ er(od
?fog/ﬁ; /H( Grmufad are adbe,[c&u*z) 50 we wrtte

Murtz‘w;g ,
[ ot fAL-fcejg be as above, MEM
clpelian - O’Y‘W{’ w‘\‘t{i wam?ﬁﬁ%d { %"/H”B l CeI}



be an arlor{'rarc«j demert . Then a(§) s nonzero
forr WJJ ﬁhrtilj s §e T, Say 1S nonzem for
the indices 3,7, . and Hhat alf) = a, 6A-j.¢
Define @)= Y a,) « ¥ (a) ¢+ ¥ ().
Since B v abelian  gnd reck % s a hamwwmffsé(?w
rt's eouéj o chedk Het W 1 4 hgmomuﬂ/fu‘hn) ',i*o
T s follows from e defintion of ¢ -Hoat
' %" L, = LK«. £ Al eeT.
Ne cmb necdk Ao chede —flat Y 5 wnique, So
Suppse S d@?/l;"‘aB were  Sme Sthar M{o aﬁf‘g
Foi, =% VeeT.

Swppo&e. we }i%ﬁ M el auém‘raéj oot ae “@[(7 -
above . Thew " a=3,06) () + - + 1 (a,),.

fla)- ¢(2 u(a,))

n
= ?—; Lf)o lqn_(adw)

- g‘ .Lbn(adu)
= Y(a), o —thut L=y

'/k‘- a@gﬁm q/ &b A; _"”B; let  ae @Ak ©
cex

) S



fl

uﬂt\é‘ubfle/y&@/fﬁ' @AL ‘ﬁv((ows qefovv\ —the wnivectal

LexT

M b an W gimiloe 4o ~the cads zfﬁ

oQi( ot onotucf‘s.

i

?Pe ’f'e\«u« &X H wds JLch“ac:tz_n'/LeA l@ ""Q\L
5( X g N gz

-

Ei “ 3k

™

T pebeces, recall Hoat f 6 and Hoan

e

o
H < —GxH

Ty

/,'/rf() we ’brcmstacba ’m bLan&rféfﬂ»Q IJ"’"PC’& “’/P A(@AL
lf'\+\9 ()YC{"&FCS Ft L)((/OVV\LA

B < qu/Al
r\'\

¢ | N3y |

( \\\ 27,

A' 7 >A|\6/9AL

N‘°“£L /fewi %(J’ I % Same Pl‘c{urc wf“/\ oowA
rev&Ml‘—




A natbucad 7w€,&‘hm o ask ot g 'oa(ﬁE' @
jo é’;i\/&naﬁwe G hoo do we know d’OG r
Secrd’(J a dicect P‘WL&CCé/ o external weal
dicect ch(udf?
Thisem - Lt (N 16071 be o Ry of et
eiﬂ e ﬂ"’\h«kp éz, Sug[\ %.:t
() G = <LE¥ Mi> (I/UH’L, -5 means "Su@ﬁrw/a
Wc& bd )
o) For ead e L | N = e
( d\pk 1, N, n{ig,\/) (tiwg.,
Then  G=TLH.

ieT

/azmav&'t When 1T <0e, gine Z%C‘h -’—"ENC«,;,'#@m
alse  givers a W recogmizin as frdte
&ao’tgﬁw@*‘ E g T !

Sketch of pot o Let anfLIWN; be an arbl‘{Yaa

doment . Thea a: I——*'gl\/c gchsfes alc)eNp Ve
and  ag;) - e c‘a(xmb) for bs, bt qaméj
mMang (el Sad “Hat 3,,3,,“.,&4;1 oxre

e elemuds A which alfl) s owst Abe Lesbdy,




wr et e Q(JVL) = aﬁ)ne Nd“__ —//ﬁ\,u\. consider —he @
prefaes b= A, a4, €Q

Problon . The elemect b mught mat be well-defied
bﬁCCU«LA& Iaf e ﬂt\J’t "M\L %k‘f N a 0&‘#8(‘0:@/ OTCQ_Q/I‘
/ffuw we ﬁu‘f o ob#&r&ni Vs XFYMM ‘)év L (’f/\e,
a g are Mu.f('hf)z.(‘(i e a : {f"—(if W‘(Lf >

Jre
The %Mm“ej lemme Saves w -

Lﬁﬂ—%: _Jj N‘ CUI&( Nl ke norm_aﬁ LA G am_pL
N, M Nl = <€>) +an nn, =n,n, f&/ all mlef\f,_ and

neN, .
b /{’eul’ ,Q&mma/ «ff\_g lemauct b alove )‘EE’U’F%:*QJ)F@Q

(Lobpenis M\‘J en. A€ ZEII\f“ and not ’ulw\ aCj 8{%
4 a,,q., ,a. 5% wd b " Fa) The

i» J;L7 &s 5 UI\

W
oteﬁ'na o homomogtutn. K- /LI N; > G

With Some work, we can show +ha o an !MO%J}’M‘
[Hl'mar"/'ﬁ*ﬂt Theovenm Y6 1)

o —

—Thw we make e ]Q»((ow(o\r\} cQﬂ-—@\/Lk‘(‘]m




Defwdon: Lok (N 11T} be o Jrmlyf O
noc vl wb @f? G sud»%&ai G = <gIN>
ond %m\ m Nen SOND = ey —flann
G catled e wternal weale dicect pradust
of  {N: lee TV o Ahe direct sum (etemad) f

{N;lfei} ore a0 abselian.




