MATH 2090

i

[ Sec,uw% and. amvu’ﬁmck

——

'acff\‘nib\»» A Se-?uwcx s a 'ﬁcnc;(fsy\ wﬁo@c dcmacq,
i N

(A | instead vﬁ wrrb‘rzg f-’/N-——HR andl

Hun Falking abert e values £0), £, 40), ke

e wrte 4, a,, a,, .. So

£ = a,
£() mas

ond we wrcte {QL}?EC ’FUV e collechon 'af‘e aLst(,\
voluwea . So, VW\.L &.ﬁumu«
{N—R

?f‘ww Mo ) = P wordd e weithen oA
0211 which i shothand for the st

£2,5 10,17, 2¢, ... ]
L xample = Werte frsk few “terms f Al

s ke {l + (—ﬂ"}""-

2 "

gc(\kbm\ C for w=\, 9_, 3, 4 we 6&{,
{-O 5 |, O/ I, O _ .. } r@F{a{'\\fC\S wLaQLQ\AC{‘&&T

n=y n=2 n=3 n=¢4




= 0 r? n oi@t
2
l—+ ’(2:0“ = ( l‘f n even.

AS n becomens \/cr/\j L(Lr%,é , SVUMe  s¢equences
e\ 0(5% ecent{ \“’('&-GW\ d’&ui&‘ . tor QMMF@L ’
{—-Y‘T }v:’( - { % %- (/3 ) ’L‘f AL }

VA

fldr(—\)“?“-
2 -

The values oﬁg s /(ZM{
and. cletec 4o O, witle
Second. ace

ven e bec onne C/va
values 4 A+
sometimes vear O, Sometma  wot

Mw¢ Frcc(é—clji Na M@E((f ":l’eua nuwlser X

.

: Micw
we e 5{\(4411' “(’Cu.xe\s Sowe PDW\’E ?a\;jﬁ:ﬂ&- an-Q_

tecms  in e seqeince (L5 ace smaller Hau
X. "Tc\ts T st Hhe case «Fvy {l* ("Y,}M S swe
Z n=

‘/)’eua “erms  do not ‘S"de'ofHu“ m ai\j W—Tﬁa_

Muz,na, 3 '{’exed: oV 5{-1& S—ejuer\oe,s ()L\OU\/L
ooV ergeX i 4/)'&0, 5‘{‘&_2/ Aoes wete.

MD\: -A SCL‘UCVICLL {an }‘:’ m\/efé/&i o a
ceal aamber A f and m\(‘j "€ b each E>O




“here w o pive \ffb&aw N (&L@Mc% o €)
such Ahat Aol 2N we have (a-Al<e.
A=0.

“To cec e, SUPprse  we  dfc ﬁivm >0 . “Then
b\a dhossin C‘) N > -éj ). We  can 6¢arcud:a ot
whenever w3z N weve §o+ :

(. 1 < g

o
n N
_muefgw‘z,/]fv‘f nz N we l/\ave,,w'ﬁ'(\ A=0:
[a-Al = || = L < ¢

N

So 1T Um\/urd»% + O,
Exampl © Dn —the offer hand, {» +en'*}"“ Loex
2

no't wwvugt/lb an N-wQ VL“WJ@frA
Suppee t LT Then v £=4, AHhace
Shomld  be a number N swcdh Atk + ('\)n___ A\<
o4

WMCM Y\ZN) b\&/’b «/H?wg ¥ Vlﬂt‘)%&cwa_l H(r(\s Wlx\n-‘
The  valuea cf€ _l_‘_k_('\l)n s\ Femnate betwveen | and O,
o

IFVHL;, teems Ak are | ane withn 2 a¥ the
numlaer A Hhea  the terms il are O must loe

w\oxe *’I’C\M J/a, (LW@ ‘FYM -A’ gv O\fe,ra.Q_Q' wftf
a,LQ *texm,.s m“’fﬁ_L seclua\ug a[apmaud,\ 74

ol




Ne

~anole + Yoo vl
ixalf&. % ’M 3n_2 }n:( cmve:acz;
=
Ekﬂf@“ let ¢ >0 . uk,WMMj;—+D %%uk. A/ &WJL
ot n =N 6&/@

L+ |

Sn-2

2
. = |l < .
5|

'/]/C\\T mean§ we u\)a_v\’,t

‘M“‘H) > Z(%‘h»l) .
< £
I - 6
& 7/ < E.
Tn-6
T4 nyl Aths @ posbive, so 1 . ¢
Tn-6

Selvigg e n gives 7 < la-c)e
D Jite<hne

& 116€ o n

de€
So thooe N 4o be bigaee dhan THbe ..
) J%" ol
F N we kwow | Qnet 2 -

5., 3 <2. Thw

Ae 3&10“\‘1 convarger {0 27/3.



Our 5%4 Hot real numbsers wll be mads easier
)?a o Ao defnitions

Deladon - A seb Q of ceall nuwbers £ a

n_czf@»\osw"kooi\__ of xe R F o sty €50 sud
Aat (?C’?, X.\—g) c Q. We wrte n‘okién A ¢ (o)

J———

Nofc M Paffﬂ'cular ‘/(’e\a:t, (’)(—g,,) 7<+£.) 0 & Neg lotur\fwuo(
éF;(, Pﬂvesf i?O.'/ﬂ\cr allows W o rest

e Mmﬁwgféf umvmau_%‘

LIZV’V\\/V\_G.: A S(WUMCL {’an ::( C/oﬂ\fe,rz,zd —!»O A f%
each VIC(\ZY‘\bmr‘/\OO(LO{ A ] L»Ub‘u/fﬁta
fl(kvv\jgef cff A e ey tﬁ€ v{’&@. SzT»uo/Lce,.
Prom@: Suﬂb’&ﬁ ‘{’&«} Lo versas + A , and_ Q)
g a nbhd «ac( A Clostke < &,w,\/\ul'exgi, (A*i,A"z)cQ
%)nq {Oknl:.wh\fbfgui o A) 3M ;SbL(JLL"H/\aJt,

o —Al< ¢ Hv Ll a 2N
% o‘Wuu’ wovds ané(A“%)A‘fi") & % *@1 QLQ_Q r\QM,
~Thws cmb {a,,ql) o aN,(i‘( w\ep/zs&cu%\‘cﬂ.v. D‘SZ Q

D,\ute\q a(’eu.r ‘/\MAL, %u(ap-rﬁ( eves nb\nckoﬁf

74 C,e'n‘*uxn:g LLO,Q bl a {P\WCLC noLmJS-er O‘F e,QQ,W\LA>l7
of {a.}y,. @2 Let £70. Then all bt o fintte
number 4? {(Ln}:( are W CA'Z,A*@)_




Lot % be A \aua/xt’/ Whéfu guch that
o, d (A-¢, Avg). Let N = Mot Hhen for ol

(W f\{ e elemends { An },:,4 are  coctamed
M </4 =Z A+ q,)/’ Me,&,wtg l An- Al < &
"rﬁ\«u-/) {Q«\}:‘ Gcﬂvu-a,u ‘+0 A )



MATH 2090
gﬁ&l'\em l—( cc‘r\‘b'nwa{

v@wd'\gr_\ﬂf /_Lf {a ]2 Cfmv@aﬂd o number |

can LS imuH:zme_Mg C/U‘f\va,rgg fo  ancthar
nawmber M* L 7
A’Y\XW@*’ : Mo.

“Tlheoram - g\k\opcge, At {ot.\},: converyed 4+ loofle
A and B, Then A=8B.
Pt Fov contradichon, swppote A=B, and thal
A<B. et £=L(B-4), we wll shotladll
—+feces no N auch At |a, -B| <e and
lan- Al < ¢ fo all n= N »
Suppre —thore 18 sudh an Ny g0 we have

A- < <QQ<A¢5 ’@va,ﬁ,anl\’.
Bt A - A+ 4 (BA) - 5 (A+)

=B-%5(B-4)
=b-g,
Tha means “thk & A< AtTE we %;t
Ay < B-¢ oA well . 30'@* 00 ’YlZN) An 1S
not A wtercal (B¢, Bre) TTha  contradeds
{ T, Eaeveaing + B and Hur we wmust
have A=B.




SQT«LU&CLS C/fea;% c/c'm\/e/taL led,\.auQ A«?@er% 1
Serme W‘ZMM w% v&m Secl‘ue)ncu whueda
dr act.

M - A Sequence fando w bwanded from
g_,_‘r}fr__ﬂvc’. ijf’i'aul. 3 CLFULQ nbuwlev.r M gwul,\“i’c\ctt
a, <« M £l M> 5 powndad Fomm belov
F Afere v a el nwmber P osudithat P £ an

: a,QQ_ n. ",lf (%i:; s l@WerQuL {lmwv c'idrofe.
ard_ below, by callled  lowunded

?emarﬂ,t A JDD\MMQ_@Q &Cz,uux@ {'a.\ r‘gi‘; &ﬁs‘ges

Pson M fr some Pand M, f we
dhoose S sudh that (P, M) © 3.9), han
we can  see <that ho « eﬂuvab\::l\,% lon| S
for Al n,

Cxamfs - Svme  sequences Lal converye e cande

4’%3 are  not WM/ e‘d- {n},\t : %‘f Sequence_
W et @FFT”‘D&J’\ O&} bwt A <0« -1'@—«/

doems  {1,2,3, .0 ] G aithmt™ bownd. .

e

Cmvedc\(ﬂ p F\D’ ( aq}ﬂt, dlu(A w'm/erg;zn, we Nave  ac

2N,



‘/K,wvav\ ﬂ? Ca

o lorundad ““‘WM%AAVAﬂ&iQh
Pt Suppote {asl coveger te A Chowse 52
(/("Ku\ g {\() 5144,&\ "feua:t ﬂ?f\( W"\ﬁu)& a, € (A"))A‘H)
C\/w'ose, 5: Maxgdn)az, 5y =) A""} aWc;L |
?:m\\\qa\ Qa a. A |

) R2) -y AN~ )7 I} "/C\-u S
| an = %wr A
N, becaste f 0 AN Hen S lager sme ¥
SMce_

A Max t‘ﬁf 'qc(.,.qm’z))\,)\uftd(—fn>N%
il S svmee S >A+. g‘mx(aﬁ ﬂ?vv an> T, Hua
)

Ao 1S BDMM

EX&ﬁé - (ons\ler q& S:&‘]umc,L
as=t% th W\i""a‘““’"‘ﬂ

) Az = |+’L

anzy+2{f

=12

’Dau vl/eu’ﬁ Secluwca wv\\/e@«of oQAVo—%L
Cms\&ﬂf "fe\& "t/ﬁxm az ) and W"fe\h'tgrm
accwob\% +o vae/) F 2

Q. = l*%*(f’a*'/«) (5 */*’L>

Terk T o2
P -I-'< | + “+ i
2w T
L, L S I N W &
= 3 Y T



LR Y CORRIC DI 2(3‘7)

L
:[-»/5’+J7:+~54.--+ =

- l+—n——
> N

S‘, «I’exrx $e1ucnoe, Cauu\a-t COMNNVZ ) Lec&u&&‘fe%
~terms Apn OS2 h&gj Mo, 1+ % Lr oaclh w-—
o {&«?:; (& LA ‘\ia{

/d;e fpv‘f\’t{}“ov:i A’ S»u\umc& fa.\}:; IS ca.MwL wvw’ufa/eﬁt
"‘? it wv\w,ra,us) OU\& il\/efgjﬁ/ﬁt‘ r_ﬁ it dows vcb‘t'
convery®
Gy T sequnce 8 comcuggety X5 kel

oN u‘.’ﬂ\f&aeA b a Ud’\l\a‘u(__ Nunndoe - L. ‘iEF s wakt

MY\\/QASJ'F(:/ 1'c w‘/“‘éf"’\—t’) oL Nén o Sequence can
oﬁlvexgg = ;2 Jae:j anboundo A .

/IjF {O\n,\.,,cmr\vu—a,u 1o L, L Ca.ﬁQe_i th l)l'v\f(?‘

SC'CA’TUV\ ‘ 2-ﬁ Cauixj Sccl VLNCLN .

NU& we wisk 4o W\‘fwt‘gjcha Mw’('e@f condcbhon_
gq‘m.lox o c,m\re/gu\w, it witl e LOJLQ(’,DLO&/

J




“clustec” lrere
HUNQ\/U‘, &'t ““eka SaAime ’Hrvuz "ffinct *‘w\.& ‘e a., duz(:e/r
clote o A, M aso cluster  close 4 ovie anstha,

.@rﬂ,@v\rbrm . —74 §,chu0‘1c—c fa,\ }:l T Ca*u’c:j ‘:é\' ’?DY
e\/exJ >0 —thace exsts an N >0 cude thal
whevever N, > N /f’e\&v\ |aq, aml < ¢
Romark : Thes weans Huck given €70, we can easure

—flak P"‘“t‘ n e Sequence gaq}:; are less than €
QM £ e G’imp(& ool ~far ’Q% s t= intha
%uux&/, ~
EXCUNé‘- lLet @&.= Vl(" . "fe\lf‘\ {anﬁgna S

Cmc\:} s,ecluwca_ /\c; See /j’ews) Lt €>0 b-cqtvm
[/\)e, ne}CL o gnot [\( sudh “\’e\ed: m ,n >N (\N\PLCQ
l/\—; ',_\_.:\ < ¢,

wm n

2 \
(hovse N>%. “Then M,nzN>—€ e
Tl"<-§_—'- omc{






MATH 2090

é. l-2 Cmij Sﬂ?'umw cmfwu&ai‘

“7/[&-2 r Laa '0/7[ X Cau\c”é"*’j 5{7 vence J ”f{\-ett "t(rmq

in -’/’fu; é’(lue,na. hﬁ»cf c[m -“© ove ancﬁ‘&u " vu)/\ﬂ'.rmf'

P

the idea of Sejuene  converge o a value
AeR s #Hat terms (n —The S’ciu(/t.c,g ﬁd: ¢ (vos<
b A Swpn&@%, ~fhate are equival it

Theoren : E\/@Cj mvfe:gzj&'b Sequence 3 Couua
/Eff_%: &ppm {aﬂ}n'—-( mvug,u o /?, MM
£>0. TThea —Hlelcs N such thod w= T\r\‘m‘o'lch
la.— Al <& New f m=N, we have

lam- Al < @2 as well - Twrefore
Jan—aa| = la,~A+A-a.l

2 o- Al + lam-4| € Gor T2 = €
S fande., Cacuh\j,

(/\.')c, next wact o d\m*’f&ﬂ. c’l’l\ir &u‘re&ml—%—
NV *’t’a\eﬂt C S—eal Ven CeA a w*\\/a/gf/c&,
'/I['U'f s 7u/tte, /I"n?, j) SO we Vw“ nawL -(:coQo oNe
o —wo clarsed e]a Fvclo werle
'?\:(—5-6) we neke Aol Like ctonver ' $€£(IJUI\C»L&)
Cwﬁ Fequeneed are bowunded 342&



Nodk we need a Mnt(:wv‘, —o malee eur discumion
Deftabion: Lok S e o seb of real nuedoors,

A rL&Q_, nuwleer Aé@ T an accwmwﬂaho\@m/c%
4 < every mbhd of S comfains mﬁw&ﬁ

-

Jgﬁx t anothey, woetimes ki way o \gﬁ‘d
Lomma: Let S be o seiqp reall n\kmlem,%\
Aé@ S an accum,wbchev\, ‘bthbo‘P \S’ ae—ﬁe_cd\
reighboachoed of A condains membes of S

AdfHereat from A .

P_(ﬁ A’Séumz A I an accum»gwm F‘D‘f\,‘et:r-e S
Thaen €\f?/8 nbhd tﬂe A ar it contmons i nfinctel
Wik pomnds of S, must wovdan  sowe poirt 'S
offar ~than 4
On the otter hand  f A = nott an

&Ccumwa\‘m th’rt/ ’lfuuv\ Sone \f\'o\matﬁg A
tmb covdain s ‘P\‘nrkd‘j Wﬁj pemta Ff S’) “S&j
{'S\)Sz; ~~‘->§ﬂ?- S“PW ‘”th dr 1% e
closest o A (whrdd o net ethLL —to 'A\) St

¢ = ,SC - Al G/lCux\ (74'6, A+ 2> C/WC}Z&\M




e elavmends 'u/rf S o.AlcQQ'GrM(a—M A CL( A—GS)_
‘]/fu-_r proves e lewuna. %\l’j

'Ee-mck‘”e‘;" The  Limd i‘)]{l a Sec]umc.c_ {a,.}:: 7wt
a,(uu@&’ an &CCWuLL&:l\m FD-‘nb ﬁff, ~tfhe set {an}:‘:( )
W zcc,umq ‘{l> N SR } (oJl Om,‘r)

c(ecu’\(:) converges o A=, bt —, set 1,0, 0}
has " no accumulation Va’eu’tﬁ ,

Our 30& new i “Describe whidh sebt muat lhowe
bccamiulahen powds, and —hen W our deserighon
Fo show Hhat Cattci\j S—Ccluzi\cu aﬂwaﬁ/; howe
accumal achom ?m\fr(:r——ag | M“‘l’ﬁ\.e,Satuma, 3

nst  even « omnstant | Tiee e K.—e,t(uwc.g,rfF
jij odowa. '/”/u/\,\ 5kow ‘-l’evct %L OLC(,LU/\A.MJ-JJ"M
ot we fownd 13 m%% it of A
%”"‘ (Bolzane - Weicrstrans mwg

L;,vexa \oounda A mﬁm‘t& sl :r@ real vu,uu(em
han ot (et ove a,ccum»gLa:LxM F'b‘wfé“.

M‘- I/\Jl OLPPU. A recursive ltrroce,&m%o ‘R"‘L
g‘wc/L a_ ()Gtﬂ?t

Lct S be a boundle & ound ‘\h'PWuic m\v@x
4 R, S04 S < [, p) A ome o BelR




el o = B2 Aun b lodk ore of [, o]
[O‘n f’] tortelng in"ﬁwrte | T
( W\witj i)o\vd,j # S) Qo

O"\W’g‘?—- */’e\.a tv‘r‘;U\fa_Q W L ( Qﬁfff :ZO
£a¢ ) b:‘ NUW H’Q = b _q::ﬁj e i
_ o, = at Loyt one of

L:EU x,] and [, b ]| contans mﬁm{:tj Mman wiks
P‘Q—P{i cbhovge (:Lulza\ o wetervall ande caM\jft(yE&z L J
j; we accive at  tervala [an, lon:l witfe: o

- . _ ' »
Cl/> bn a, :jz';" (F) w() (bccw ot eadh 5‘(11) we
p/u:t ‘fa-l qo(tv’m tﬁ’ttrJa;Q i
half”)

(t’() [a '01 contznd \n@ :
ny On et N -
(i) ‘ i J meﬁgs;
s [a,., )On] - [o‘mn )bn-;] = . S G"» ?j
fo la

|_sol at o collechon o‘f | oo e_va()o b
Q={aq l q:l)()\‘-._ } . ,"LLS \@WM,SD Tt,m
o Q“P'*LW\WW‘ _t: S%PQ. (Me wM Q“L”N t o *—f’g\e
Mc\ww‘;iabm @‘W‘l’t we warde La 2howinp o\
ne rhosd % -t contmind ~ afintzl mva

poacn 4 S
8:, Gt P be a ne: bourhaed
¢>0 sud bt (1 ’(g,g t+e) ‘:;f, 6’2;“:‘6'2[«0&

e ot an v
n A ,@vaer bﬁurwk —ﬁv @, ‘/é\é/t(s an WT{{\
—t —4¢ < an s't‘/ and n ‘ﬁmt t:ﬁ WL>"’1%~\

‘-b’i<a'\<amf



Chove  Mon So /cug,t’fﬁéaﬁ Q’MG_’)’&) <€ /9
Then —fhe mterval Lam, b, | o—( (gncj'f’ﬁx

%::\_, whidh o (et Hhan €. Stnce t-é<a,<t
+hix meane fKe snteval [am, b, | is contmnedd /
- (—(;—g) t+e )

nogt
o o
i/z w1 La’né("i-
( o ——— { o A} P
t-¢ An A & m f g
. + tte

4/@1.5 13 ot (eant € M

Land*‘«
/\’C\% u}/e\i nﬁ&bbu(h&oét /Pc/g 't CDY\:‘WVU& [Qm,lom]
ok o] oty ey, povts o S50 &
T an OLC(L&M»LM@{\ qanfrd'f U@\S

S r————

/ -

Now wWe  are raaij fo F‘mvt: E\/@@L C&MJ/\:S

gep\umm R convec ﬁt) ank  we'd e 4o o

e Polono - Whicatran Hhsorens

—eoven E\/e& Covwbcvy seque,nc,z ! Om\/er?dkit.
F‘\i’ﬁﬁ: Ne have two cased- . Hst, Suppme e
'{.Q,\'}nt‘ K oa Cwuuﬁ:) Seq uence, B




And M"f Suppede ot {a,)qz, . PR ’E( v

adw% a Hatte ek va)
{C«.,az,,___ y= géusz,--.?sf}-
Choote g = minflSc=si | | 0}, ¢ eflort)
le € the minimam  distance lbehocen two distined
»Ffom*S n tlhe st {8.,5;,,_) $- ¥ Thew Hare's w
NC)N gu—c)-\"ﬂ\act ’Fcr m,n'z[\f ‘am»aw(<g_
But ']f O and a, are closer —Han —the witnim s

drstane  between %Dq.wb in 4a,a,, . ¥ Haa %u_es
YY\/(/LS(; be G/ivU’L,Q . ‘&Y vy, 2 N) Avn = A .

ﬂu.b «rﬁ-& S’eTJJU\CQ 5 C,o'VlS+-an'_t @M‘L —ﬂ‘eq tecrm aM)

—Ha w‘nve»az,ﬁ:t
@n wrfk st \/\a‘v\c‘z/ %Wm fLa\)a,_/ (}‘

a (\Q]Qvnte. % oL qj‘ragziij wp‘/&) {Q',a¢, N 1;
3 bo’v\noa.ék sw\ce CM(/L &juLnuA ore lovwnded
“Thes \3 Ay Bolzawe W eierstrouy (,eﬁ,wwv R
het @ accumadosbon ‘ﬁotﬂt—,—— CAM t a . UUC‘((

fPrwe —thect {’aa} C/onvz{axJ o o

LA;[: Z 2 . ’Tc\U\ ‘/w\& V\b‘f‘ﬂk (&,%/a+i/7/>

Conctains  ia \nrﬁab Ma terou ‘n%% S(,"Ia-ek\&_
{a,‘}f:\' S ce. ?a.\};:;}f Cw&j) “HRere exets
. N sude —thatl mpn 2 N 8«\\/@3 ot an| <&y
oo o (0 7, ar¥ra) comtaine ikl

\mar&/j ga@ the Oln‘S, vl‘euu—e\; an HDZ.N



sude that € (a- f&) At Q//Q/\
Ncwd F"Y o0 nzn., we (J&cu,(aiu

la,-al| £ la,-a.l *’la-no’ a |

<5 b =€

G qaa

&

20 A §€Ll‘uz,m£ s umvcgm'L £ 4 \ T Qm«&_

Tha  allows i o prove Ahak o cequence 3

CONVe wl/u.(,g \'Lod/né no vdea u)(f\_pco; (‘H wa:\t
be .

may



