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Let B be a top . space .

A vector bundle ones

B
consists of

y cont 's map it

I
E - B

. such that

Y each fibre ittb ) has a vector spare structure

Satisfying a local triviality condition :

V. be B ,

7- nbhd U
, he 74

.
and hemeo k : UXB

"
't ( U )

emnnsont:YLFkiY×he

"

immune.mil?sEtaIiiKmnEkisw.#

Examples otherwise
.

0 ) trivial bundle E = 13×112
"

, t=pr , .

D If B = M is a manifold
,

F- =TM ( tangent space ) b/ natural map
IT : TM M

Vector bundles # : E - B cmd ti : E ' B are i#h if

I homeo f : E E
' that restricts to an isomorphism on each fibre .

in(b) It'T '( b)

When TM - Mxkn
,

we say M ipod .

Recall that a vector field is a ( smooth ) assignment

M - sx - ( x ,v ) tF×M CTM

Aic)
That :S

,
vector fields are ( cross ) - sections s : M - TM

.

( Generally . s :B E is a section if it . S - id
,}

. Note all

vector bundles home a section -

zero section . )
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So
, M is parallelisable e⇒ I n= dim M vector fields that are

nowhere dependent ( ie 1in
.

int
.

at ouch x.CM )

F± . M = 52 is not parallelisable (e.g. by hairy ball thm )

. 14=53 is
. ; so is any compact orientate 3 - manifold ( related to

"

spin
"

structure )
. S

"

parallels
.

yahh ⇐ n= 0,1 , 3.7 ,
( Milnor

,
BH

.

kcrvaire
,

. . . )

Generally .

a R
"

- bundle it : E B is trivial ⇐ ) I n nowhere dependent

cross sections S ;
:B E

.

Roedl RP
"

= { 1- dim sub spares of Rnt
'

} = %~ , .× , . ( denote [ x ] = I ×
,

- × } )

Then is a natural rector bundle our B= RP
"

;
denoted 8

,

"

:

{bjmtyhmf IKD C- EH
,

"
)=

{ ( [ × ] , yeRP "
× R

" '

I
ve

spank } )
↳ %

( an R
'

- bundle )
RP " ( x !

For n=1
,

E ( 8
,

'
) is familiar :

a

we can write pts e = ( [ ( cow ,
Sino ) ] . those , since )) gtseok

,

This description is unique ,
unless 0=0

, it

;( 41,011 ,
th ,

01 ) = ( [ ( . roll ,.tl - i
,

o ))
O = 0

0 =  it

That is EH ,

'

) ± [ 0 ,
't ]×H%µ~ , , ,

. + )
= ( open) Mabin band

.

In particular ,
8

,

'

is not trivial .

Pn* J
,

"
is not trivial Y n 21 .

part : It suffices to show ¥ a non . zero
section S : RP

"
- EH

,

" ) . Suppose not
,

and consider

Sn - RP
"

- Elt
,

"

) , sending × - > ( [ '' I
, tlxlx )

.
t :S

"
- R must satisfy

t( . ×) = - t( xl ( as ( Ex ] , tall - x)) = ( [ xhtlx ) x ) ) .

But IVT ⇒ 7- x. at
.
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Grammarian manifolds
.

Recall Gauss map for ( oriented) 1. manifolds M
'

C R3 :

eD x ->4H€5
.

.

-
.H .

" "

/ awnttwtayat
-

4 : M
'

- 52

and also for ( oriented ) hypmsurfare MNCR " '

,
Y : M

" Sh
.

46) describes tangent spare ( or normal spare , equivalently )

For sub manifold MncIRMK
,
will view assignment x - TM as a map into

Some space .

• Stiefel manifold Vn ( fkntk) = { n . francs in Rnkf
* tuple of 1in

.

indepefrs
in pit

's

1
an open

subset of IR
" "x . . . x Rm

's
⇒ it's a manifold

.

↳ can view as a

'

homogeneous space
'

Vn ( at 's

) ± GLNHDRYG , ,
( * ,

. Gn ( Rn
" ) = { n dim sub spaces of Bit

" / topological as quotient of Va ( Rn"Y
( Grossmann ian mfld )

↳ By Gram .

Schmidt
,

can instead view Gn ( IR
" "

) as qaoliet of Hirth .CR"
*

)
,

which is

compact ( it is closed
,

bounded subset of Rnmx . " x pit "
)

⇒ GCR
" 't 't is compact

↳ Gn ( Itt"

) is a (Hans doff) topological manifold

Handcuff : 't suffices to separate XFYEGNCR
" " ) by a cont's function

+

× Take we X but not  in Y and consider dist ( w
,

- ) ; Gn ( Rn
 *

) R
.

✓ loeallyewdidcat : For XEGNUR
" "

) ,
let U = {Ytcnlpit

"

) 1 Yn Xt=o }
If-
×

Such Y correspond to graphs of linear maps X Xt
So H± Rnk

.
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Note; G
,

( R
' '

) = RP
"

.

Next we definenatural vector bundles our GNUR
" "

)
,
analogous to 8

,? y
,
( at ,)

Let K ( R
" " ) be given as follows :

X=iYX) C ECKCR " "D= { ( X , he Gnck
" "HR " "

I vex }
a*

.no#f8tjtn*m
,
§

looaltrividityn : For Xe GCR
" "

) .

lot

U={YeT(
Rnt") / Ynxtso )

Ux X - ttu ) ycxoxt
( Y , v ) r - ( Y

,
w ) . when w - v via #

Define ( generalized) Gauss

map
for Mnc Rn

"
:

This is covered by map of vector bundles :

TH EIKIR
""

) ) lx
,
✓ ) - HIM

, Dth
GNCR

" "

) x - T×M < pit "

More generally ,
for any R

"
. bundle (where fibers are not necessarily subspecies of

Rntk ) over compact Hansdrff bases B :

I map of vector bundles for sufficiently large k
.

E - E ( KC RNTKD

§
-
thirty
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( Sketch of construction )
It suffices to construct EidRm whose restrictor to fibers is linear injective .

Then we define E EHN ( R
"
) ) by e - (4( ¥7 . ) , 414 .

To that end
,

cover B by U
,, - Ur

' '

trivializing
"

nbhds .

For each i
,
the trivialization gives

Yi : TTTU ;) - R
"

Idea : map each ÷YU%) into its own summand
,

E Rate . . . or
"

= per

e -
Akthle

) . -Ark)4r( e) )
n n tae

o xp.÷÷s€k .

Similar constructions hold for para compactB ,
but for a bundle

ECJNCIMD - Gn ( R9 .

iUnimsd'propat=

Given a vector bundle E

ESB
and a map XIs B

.

can form

induced or pullback bundle ; ftE X
,
where

ft E = { ( x , e) I fG)=He ) } (note fibre over × e- fibre ones FG) )

The existence of a map E EHN ( R
" 't

'D induces a map on bases

B Gn C R
" tri ) �5�



By f*E(jn(Rt*D is isomorphic to E ( as vector bundles our B) .

proof : We 'll show the more general statement :

If f : E - E
'

is a map of meth bundles whose

restriction to each fiber is an isomorphism
,

then Ee FE '

.

( I :B B
''

is induced map of bases
. )

But this is obvious
,

since there's a natural map

E FE ' ( as there is for any pullback)
e 1- ( Ice ) , fks )

Hnat sends fibre through e to fibre our He ) tfrbre through flee) . D

So we have an assignment

{ Rhbandles our B } - { f :B G
.
( Roo) }

and the pullback construction gives one in opposite direction
.

TurnsairRn . bundles our B } f { f :BGnatisomorphism homotopy
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